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We investigate the fermionic sector of a given theory, in which massive and charged Dirac fermions 
interact with an Abelian gauge field, including a non standard contribution that violates both 
Lorentz and CPT symmetries. We offer an explicit calculation in which the radiative corrections 
due to the fermions seem to generate a Chern-Simons-like effective action. Our results are obtained 
under the general guidance of dimensional regularization, and they show that there is no room for 
Lorentz and CPT violation in both commutative and noncommutative spacetime. 
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Maxwell's theory of electromagnetism was crucial to question Galileu invariance, to give rise to Lorentz symmetry. 
Nowadays, in string theory one may find a wayto question Lorentz invariance, since there are interactions that support 
spontaneous breaking of Lorentz symmetry In string theory, one may also find room for noncommutativity of 
the coordinates that define the spacetime manifold Q- Thus, is appears legitimate to investigate possible breaking of 
Lorentz invariance in both commutative and noncommutative spacetime. 

The issue of breaking Lorentz invariance has been recently addressed by many authors. The standard route 
[Hi QL Hl> El includes a modification of Maxwell's theory, in which one adds the Chern-Simons-like term K fl e tJ ' uXp F l/ xAp. 
The problem relies on recognizing that Lorentz and CPT symmetries are violated in the fermionic sector of a given 
theory, which contains the contributions 



// = / (Fx tp (ifi - m -A - fy 5 ) i> (1) 

The three first terms are usual; they describe charged and massive Dirac fermions coupled to an Abelian gauge field. 
However, the fourth term is unusual: is a constant four vector which selects a fixed direction in spacetime, and 
explicitly violates Lorentz and CPT symmetries. The fermions can be integrated, and the radiative result may lead 
to 

Ics = \Jd i xe^ x PK li F uX A p (2) 

with k m being proportional to 6^, that is k m = C b^. This result, if correct, introduces a modification of electrodynam- 
ics, which allows for the explicit violation of Lorentz and CPT symmetries. The issue has been carefully inve stig ated 
in several different contexts, leading to results in which C vanishes [HlH] or not |1 H 111 fill 111 111 111 111 111 ElllH. 

In the present work we revisit the problem, with the aim to extend the calculation to the noncommutative spacetime 
manifold. The importance of investigating noncommutativity of spacetime has been brought to high energy physics 
via string theory - see also [2(], El f° r other informations. In our quest to deal with the issue in the standard 
case, however, we had to introduce new calculations which led us to the result that there is neither Lorentz nor CPT 
violation in the commutative spacetime. And this was also shown to be correct in the noncommutative case. These 
results were obtained under the general guidance of dimensional regularization, and they have led us to offer our 
calculations in a form as standard as possible, keeping track of the main steps and enlightening the way the puzzle 
shows up: as we shall see, there is an intricate entanglement between the calculation involving the Dirac matrices and 
the evaluation of the momentum integral of all the contributions at first order in the vector that responds for Lorentz 
and CPT violation, and at second and third (in the noncommutative c ase] order in the gauge field. We implement 
our investigations using derivative expansion of operators jU H3, 0> HE US- an d we consider the spacetime as 
commutative and noncommutative. 

Firstly we work in the commutative case. To account for the fermionic integration we write 



e lI[b > A] = J D^jD^j e l I ' d * xCf (3) 
where the effective action is given by 



I[b, A] = -i Tr ln(j> -m-A- ^75) 



(4) 
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We use this expression to write: I[b, A] = I[b] + I'[b,A]. The first term is I[b] — — iTrln(/5 — to — ^75), which does 
not depend on the gauge field. The second term is I'[b, A], which is given by 



00 1 

I'[b,A]=iTrJ2- 



n 

n=l 



1 



— m — • 



(•5) 



In this expression we single out the term 



1^ [b, A] = ~Tj- 1 —— A - l —— A (6) 

which is the term that matter, in the quest to find how the radiative corrections generate the Chern-Simons-like term 
written in Eq. 

We can proceed following two distinct routes, in which one includes or not the contribution involving the vector b^ 
into the Dirac propagator - see Ref. for details. In the present work we follow the perturbative route, so we use 
the expression 



1 1 1 „ 1 



j) — m — ^75 j) — m j> — to jd — to 
to write, to first order in b and second order in A 



(7) 



1^ [b, A] = l -Tr [S(p) ^75 S(p) AS(p)A + Sip) A S(p) ^ S(j>) A] (8) 



where we have set 



We rewrite Eq. (JSJ) in the form 



where 



S{p) = (9) 

f — m 



1^ [6, A] = i J d*x (nf + nn A,A V (10) 



n '"' : "' I J^ s(p)lr: ' si! ' r:! s{ l'-" ,] ••" 111' 



and 



nr = tr / 4^S(p) r Sip - id) ^75 Sip - id) 7- (12) 



where tr stands for the trace over the Dirac matrices. 

We now follow Refs. IH |H El HI] and use the expansion 

= ^— + jT—^7^— + --- ( 13 ) 

p — If) — TO p — TO f — TO p — TO 

which is valid up to first order in d, which is the expression we need to generate the Chern-Simons-like term. With 
this we change n^" — > Ii^ v and rewrite it in the form 

nr = tr / sip)^ 5 sip)rsip)ips{p)r (w) 

Also, we change Ilf u — * IT^ + n™" to write 



nr = tr / -j^L Sip)^Sip)USip)iBSip)l v (15) 
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and 



n'," = t. / s(p)rs( P )ips(p)jh 6 s(p)'f (16) 



We work with . It can be written as H^ v = n^ iv + n P g n , where 

j4„ X,,A 



n i4iv = t 6a tr / (2 ,2_ m2)4 (17) 



and 



f^l^Pff + 7 A 75^7 M #7 iy + 7 A 75^7 A '^7 ,y + ^^l^Pin" + m 2 7*757^7") (18) 

The other two terms IT^ and n^" are similar, and are treated similarly. 

We evaluate the integrals under the general guidance of dimensional regularization [23, El . Thus, we change 
dimensions from 4 to 2to, and we change d 4 p/(2ir) 4 to (/x 2 ) 2 ~' lu [<i 2 '"'p/(27r) 2 '"'], where /x is an arbitrary parameter that 
identifies the mass scale. We use two distinct routes to do the calculations involving the Dirac matrices. In the first 
route we use the ciclic property of the trace, to move 75 to the very end of every expression involving the trace of 
Dirac matrices. The potential divergences in the momentum integration come from the first term of 11^. We use 



d 2w p PaPpPyPs _ i r(2 — to) 



{2it) 2w {p 2 - to 2 ) 4 24(471-)™ (m 2 ) 2 - w 



Ga/3-yS (19) 



where Ga^s — 9ai39-f8 + 9a~i9ps + gasgp-y- We also use {7°, 7^} = 2g a @ and 7 Q 7 Q = 2w in order to rewrite Eq. 11U|) 
in the form 

1^ [h, A] = ~ i U(w) b, tr( 7 ^7 l '7 A 7 P 75) / d 4 x 8 u A x A p (20) 
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Here the factor 3 accounts for identical contributions that comes from IT^, and H^ v . Also, H(w) is given by 

2to-l w + 1 fA-KU?\ 2 ~ w , 

^ = -^ + m^{-^) r(2-«,)(2-«,) (2i) 

In the above calculations we have set IT^ = n p div + II^ n to split the contribution into two parts, one 
divergent and the other finite. The contribution 11^ div is divergent in the limit to — ► 2, and it contribute with 
the term proportional to T(2 — to). However, the factor involving the Dirac matrices contributes with the term 
(2 — to), in a way such that the full contribution is finite in the limit to — > 2. Furthermore, this finite term exactly 
compensates the finite contribution that appears from in the limit to — > 2. In the limit to — > 2 we can use 

tr(7 M 7 1/ 7 A 7 p 75) = 4ze MI/Ap , but H(w — ► 2) — > and this leaves no room for Lorentz and CPT violation. The perfect 
balance between the two contributions that we have just found has been identified before in Ref. |30j as being peculiar 
to dimensional regularization. We stress that if one uses the relation {7^,75} = to move 75 to the end of every 
expression involving the trace of Dirac matrices, the perfect balance between the two contributions is broken, giving 
rise to a non zero value for the constant C. This result is due to the use of {7^,75} = 0, which is valid in the four 
dimensional spacetime, but we are working in 2to dimensions. 

We make this point stronger by considering another route to implement the calculation involving properties of 
the Dirac matrices when the spacetime has dimension 2to. We follow [2^, I^H 132I l33l | and now the Dirac matrices 
corresponding to the external indices /i, v and A are physical matrices; they are written in the form 7^, etc. The 
contribution 

tr(7 a 7 A 757V7V7V)GW (22) 

splits into the three terms 

tr(7 a 7 A 757a¥V7 P 7/37") + tr^^^^^l + ^tl^TlpYlo-l") (23) 
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and the Dirac matrices are changed according to 7" — > 7" + 7", where {7°, 7^} = 2g Q ^, {7 Q ,7 /3 } = 2g a P , and 
{7°\7' 3 } = 0, and also 7°7 a = 4, 7 Q 7 Q = and 7 Q 7 Q = 2(w — 2). In this case we can use either the ciclic property 
of the trace, or the relations {75, 7 M } = [75, 7 M ] = to rewrite Eq. 110(1 in the form 



lW[b,A] = ^U!(w)b li J d 4 xe^ x Pd v A x A f 



(24) 



where we have used tr(7 AI 7"7 A 7 p 75) = 4ie pl/Xp and tr(7 M 7 I/ 7 A 7 p 7 5 ) = 0. Also, H'(w) = — 4n(ui). We use this result 
to write Eq. I|2(JI) as in the Chern-Simons-like term in Eq. (J2J, where = Cb^, with C given by 



C = 



2W - 1 1 + W ( 4:TT/I 2 



16tt 2 



167T 2 \ TO 2 



T(2-w)(2-w) 



(25) 



We see that C — > in the limit to — > 2, which confirms the former result, in which we have used the ciclic property 
of the trace. 

We now consider the spacetime noncommutative [3 EE IIS ES ES IIS ES El hi this case we se t [as**, x"] = iO^" , 
where 0^ v is a constant antisymmetric tensor. As a consequence, one replaces the ordinary product of functions by 
the Moyal product 



f(x)*g(x)=ei d '"' d » d '» f(x)g(x') 

x'—x 

The first modification we have to introduce concerns Eq. (JTJ, which should be changed to 

i f =U X i>Hi?-m-H-**)0 



or better 



7) = / d 4 x4>(x)(ip' - m - ^75 - e Wxd '4)^(x') 



(26) 



(27) 



(28) 



where we are working with the fundamental (or anti-fundamental) representation, of the gauge group, using 
{1/2)6^3^81 = dxd'. In this case Eq. © should be changed to 



Ics = J d 4 x e^ A % (d u A x * A p + 2 -iA v ± A x * a)j 



(29) 



where k m must have the form k m = C b^, to include modifications coming from the noncommutativity of spacetime. 

We are working with the fundamental representation of the gauge group. In this case noncommutativity seems to 
appear changing the gauge field A by the new field A = e 9xp A, and this identification ease the work we have to 
implement, since we now see that the above modification changes Eq. (J5J to 



00 

I'[b,A]=iTrJ2- 



1 



j> — m 



-e dxp A(x) 



and now we single out the term 



I^[b,A] = ^Tr 



1 



a dxp 



'A(x) : 



1 



° 9 ' x pA(x' 



j> — m — ^75 $ — m — ^75 

which modifies the former calculations as follows: we rewrite Eq. (|1(J|) in the form 



[6, A] = iJ d 4 x (nr + nf ) a, * K 



where the terms IT piy and 11^ " are now given by 



nr = tr 



d 4 p 

W) 4 



S(p) ^75 S(p)^S(p - id)^e {9+9 ' )xp 



(30) 



(31) 



(32) 



(33) 
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and 



nr 



tr 



d 4 p 



S(p)j p S{p - id) p l5 S{p - id) 1 v e {d+d ' )xp 



(34) 



In both cases, expanding the phase factors and propagators up to first order in the derivative the result adds to zero, 
like it did in the commutative case. Thus, in the Chern-Simons-like contribution that appear in Eq. I|29|l . the term 
proportional to d^A^ * A\ remains as in the former result in the commutative case. 

In the noncommutative case there is another contribution, trilinear in the gauge field, which comes from Eq. i|3U|) 
for n — 3. This contribution is given by 



I^[b,A] = -Tr 

L > J 3 



■e dxp M[x) 



•p — m — ^75 j> — m — ^75 

We use Eq. @ to write, selecting the terms that are linear in b 



yxp 4(x') 



d"xp 



ft — m 



A(x") 



(35) 



X" —X — X 



x"—x— X 



I^[b,A] = l -TrS(p)[e dxp A(x)S(p)e d ' xp A(x , )S(pW l5 S(p) + e dxp A(x)S( P W l5 S(p)e 9 ' xp A(x')S(p) + 
y l5 S(p)e dxp A(x)S(p)e d ' xp A(x')S(p)] e 9 " xp A(x"] 

We use the identity (|13|l to write 

7(i>3) [M] = * J d i x J2 T ^ e (9+9'+d")x PA ^ A ^ A ,, 



x" — x' —x 



where 



and 



and 



1 1 



L 2 



1 3 



tr 



= tr 



= tr 



d 4 p 
(2tt)* 

d A p 

d A p 
(2tt)4 



s( P w l5 s(p)rs(ph p s(ph v 



s( P )rs(p)h5S(ph p s(ph v 



s(p) 7 p s(ph p s( P )h5S(p)Y 



(36) 



(37) 



(38) 



(39) 



(40) 



These three terms are very similar to the three terms TL^ V , Tlt^ an d n^" that we have found in Eqs. I|14|) . (|15|) and 
(If 6|l of the former calculation. They contribute similarly, and we can write, expanding the phase factor up to zeroth 
order in the derivative, 



I^ 3) [6, A] = iT(w) J d 4 x 6 M e^ Xp A v * A x * A p (41) 
where T(w) = -4IL(w) - see Eq. $ZT$. We then add 1^ [b, A] and I^'^[b,A] to write Eq. in the form 



Ics = C J d^e^b^ ^d v Ax *A p + ^iA v *Ax*A f 



(42) 



where C is given in Eq. I|25|l . the same result obtained in the commutative case. Thus, in the limit w — » 2 there is no 
room for Lorentz and CPT violation also in the noncommutative case that we have just considered. 

We can also work with the adjoint representation of the gauge group. In this case, in the fermionic action in Eq. (j3J) 
we should change A to A ac i — (e dxp — e~ dxp )A; also, we include an extra factor of 1/2 in this fermionic action, in 
order to account for the use of Majorana spinors. The change in the gauge field is similar to the identification done 
in the former case, for the fundamental representation. The calculation is similar, and the procedure that we follow 
is: the phase factors that appear from non-planar diagrams are also expanded up to first order in the derivative, in 
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order to maintain the original program of searching for contributions linear in the derivative and bilinear in the gauge 
field, and trilinear in the gauge field. Within this context, the result in Eq. (|32() should be changed to 

I^f h A] = iJ d 4 x (B^ + Ufa) [A„ A'M\ x/=x (43) 
where the terms 11^ ad and 11^ ad are now given by 

Km = tr / S (?) ft* S(p)rS(ph» (d x p) (44) 

and 

nf ad = tr / A WS (p) ^5«9(p) 7 I/ (5 x p) (45) 



(27T) 



We have 



IC, = W (^fl (/_ X ^ 2)3 0*7 A 75^7^7" + - 2 pVw'V) (46) 



We use dimensional rcgularization in order to write 

d 2w p p aP/3 _ i(l - w) r(i - w) 



(2tt) 2w {p 2 - m 2 ) 3 4(4tt)«' (to 2 ) 2 -" 1 
and 

ri 2 ™p p a Pf3P 7 P8 _ im 2 T(l-w) 

{2ir) 2w (p 2 - m 2 ) 3 ~ 8(4n) w (m 2 ) 2 -™ 

We use the above results to get 

2-w 

r / 47r^" i 

a,ad 2g 



G Q/37 5 (48) 



= ( ) r(i - «,)(3 - »)^6 A S P (49) 



^ R- r(i- w )(3- w ) £ ^6 A a, 

where B a — Q a 8& '• 



The calculation involving 11^ j is similar. It gives the result = — Il^ v ad , showing that the contribution bilinear 
in the gauge field vanishes, as it did in the former case. 

In the noncommutative case there is another contribution, trilinear in the gauge field, similar to Eq. (|37|l . It 
contributes with 



I [ af h A]= l -[d^Y, V Zl U»,A> p }*, A'H (50) 

O J x'—X—X 



where 



r:,:, = rr(axp) (5i) 

and T^ pu stand for the three contributions given by Eqs. (|38|l . I|39|l . and l|40|i . These results show that there is no 
trilinear contribution independent of the derivative. 

The above considerations lead to the result that there is no room for Lorentz or CTP violation, despite the 
representation one chooses for the gauge group. Our results show that there is no UV/IR mixing in the calculation of 
the induced Chern-Simons term, even when non-planar diagrams are taken into account, as it happens in the adjoint 
representation of the gauge group. 

We summarize our work recalling that we have calculated the radiative corrections induced by massive and charged 
Dirac fermions, interacting with Abelian gauge field and including a non standard contribution that violates Lorentz 
and CPT invariance. Our results show that there is an intricate entanglement between infinitely large contributions 
that come from integration in momentum space, and infinitely small contributions that appear from the trace of 
Dirac matrices. These two contributions compensate each other, and they do contribute to generate a term that 
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exactly cancels the finite term that appears from the remaining contributions. Because of this intricate cancellation, 
there is no room for radiative generation of the Chern-Simons-like term. Thus, there is neither Lorentz nor CPT 
violation generated radiatively. This result is valid under the general guidance of dimensional regularization, despite 
the spacetime be commutative or noncommutative. 
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